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+ log |Σi|+ log |Σj |+ log |Σ�1
i +Σ

�1
j | .

�ii(u) = log |2Σi|

H2(Ĝ) =
Dy

2 log(2$)� log
M
X

i=1

2

4

$2
i

2Dy/2|Σi|
1

2

+ 2
i�1
X

j=1

$i$j exp
�

� 1
2�ij(u)

�

3

5 ,

Div[H2](u)

DJR(u) = Div[H2](u) ,

$i DJR

$i = p(fi | )

⇡i,N !i

$i

$i = 1 fi �2 $i = 0

�2
i DJR



u

f
(u
)

u

f
(u
)

f1 f2 f3 f4

u

f
(u
)

u

D
∗
∗
(u
)

u

D
∗
∗
(u
)

DBH(u) DBF(u) DAW(u) DJR(u)

u

D
∗
∗
(u
)

8 i : ⇡i = 1/4

fi(u) �2
i (u)

[0, 1]

DBH DBH u {f1, f2}

{f3, f4} f1 f3

u DBH DBF

DHR DAW DJR

u

u



u

f
(u
)

u

f
(u
)

f1 f2 f3 f4

u

f
(u
)

u

D
∗
∗
(u
)

u

D
∗
∗
(u
)

DBH(u) DBF(u) DAW(u) DJR(u)

u

D
∗
∗
(u
)

σ
2

u
∗

DBH

DBF

DAW

DJR

u⇤ = argmaxu D⇤⇤(u) �2

�2 DBH DBF

DBH DBF DAW DJR

u

fi(u) ± �i(u)

u

u

DJR u DAW



DAW DJR DAW DJR

DJR

DBH DBF DAW

DJR u DAW

[0, 1]

u

u

DJR

• ⇡i,N

9i : ⇡i,N � 0.999



• �2 i

�2
i  0.01 N ·Dy �D✓,i N = |D|

• !i 9i : !i �
0.999



â` `

f

f̂` 2 {f1, . . . , fM , ;} f̂` = ;
â` f̂`

S

S = {` : f̂` = f } ,

F

F = {` : f̂` 6= f ^ f̂` 6= ;} ,

I

I = {` : f̂` = ;} .

=
1

|S|

X

`2S

â` ,

=

s

1

|S|(|S|� 1)

X

`2S

(â` � )
2
,

=
|S|

|S|+ |F|+ |I|
, =

|F|

|S|+ |F|+ |I|
, =

|I|

|S|+ |F|+ |I|
.



�2

NH3

H2 N2 D✓,i 2 {2, 4, 6}

Dy = 1 Dx = 3

P 2 [300 atm, 350 atm] T 2 [703K, 753K]

�NH3
2 [0.1, 0.2] N0 = 5

: f1 =
�N2

� �NH3
/(�3

H2
K2

eq)

C1�NH3
/�

3/2
H2

,

: f2 =
�N2

�H2
� �NH3

/(�H2
Keq)

2

C1�NH3

,

: f3 =
�
1/2
N2

�
3/2
H2

� �NH3
/Keq

C1�NH3
+ C2(�N2

/�H2
)1/2

,



: f4 =
�
1/2
N2

�
3/2
H2

� �NH3
/Keq

C1�NH3
+ C2�N2

+ C3�NH3
/�N2

,

�s = P�s�s s 2 {H2, N2, NH3}

�N2
= 1

4 (1� �NH3
) �H2

= 3�N2

�s

�H2
= exp



P exp
�

0.541� 3.8402 · T 0.125
�

� P 2 exp
�

�15.98� 0.1263 · T 0.5
�

+
300 (exp(�P/300)� 1)

exp (5.941 + 0.011901 · T )

�

,

�N2
= 0.93431737 + 3.101804 4 · T + 2.958960 4 · P

� 2.707279 7 · T 2 + 4.775207 7 · P 2 ,

�NH3
= 0.14389960 + 2.028538 3 · T � 4.487672 4 · P

� 1.142945 6 · T 2 + 2.761216 7 · P 2 .

Keq

log10 Keq = 2.6899� 2.691122 log10 T � 5.519265 5 · T

+ 1.848863 7 · T 2 + 2001.6/T .

Cj = exp
�

✓j1 � ✓j2
T�700

T

�

✓j1 2 [0.1, 10] ✓j2 2 [0.1, 100]

θ = [3.68, 11.8]

Σy = �2
y = 90

DJR DBH

DBF DAW

U

N (f i,Σi)



⇡i,N �2
i !i

DBH DJR U DBF DJR U DAW DJR U

DJR DBH DBF DAW

U

DJR

DJR DBH DBF

DAW DJR

U

⇡i,N

�2

DBF DJR

DJR



DBF(u) > 1





f = fi θ = θi f

f(u,θ) 2 R
Dy Dy � 2

d = 1, . . . , Dy f

f(d) ⇠ GP
�

0, ku,(d)(·, ·)kθ,(d)(·, ·)
�

.

U

u` U

U

U

u`

U

θ` θ` ⇠ N (θ̂, ✏ )



✏ θ̂

θ̂ @f/@θ

ẑ` = (u`,θ`) ˆ

[ˆ]` = ẑ`

f̂ ` f̂ ` = f(z`) ˆ

[ˆ ]` = f̂ ` f̂ (d)

d ˆ

D

η ⇠ N (0,�2
⌘ )

v ⇠ N (0,Σy)

⇢2(d) Λ(d) �2
⌘,(d)

log p(f̂ (d) | ⇢
2
(d),Λ(d),�

2
⌘,(d))

f

�2
⌘,(d) �2

⌘,(d) � 1

z = (u,θ) f(z) ⇠ N (µ(z),Σf (z))

µ(z) =
⇥

µ(1)(z), . . . , µ(Dy)(z)
⇤>

,

Σf (z) = diag
⇣

�2
(1)(z), . . . ,�

2
(Dy)

(z)
⌘

,

µ(d)(z) �2
(d)(z)

µ(d)(z) = k>(d)( (d) + �2
⌘,(d) )�1f̂ (d) ,

�2
(d)(z) = k(d)(z, z)� k>(d)( (d) + �2

⌘,(d) )�1k(d) .

k(d) (d) [k(d)]` = k(d)(z, ẑ`) [ (d)]`1,`2 =

k(d)(ẑ`1 , ẑ`2) µ(z) = µ(u,θ)



k(d)

k(d)(z, z
0) = ku,(d)(u,u

0)kθ,(d)(θ,θ
0) ,

p(θ | D) D

θ̂ Σ✓

Σ✓

Σ
�1
✓ ⇡

X

u2D

@µ(u,θ)

@θ

�

�

�

�

>

θ=θ̂

Σ
�1
y

@µ(u,θ)

@θ

�

�

�

�

θ=θ̂

,

rθf rθµ

p(θ | D)

p (f(u) | D) ⇡ N
⇣

µ̆(u), Σ̆(u)
⌘

.

µ̆(u) = µ(u, θ̂ ,

Σ̆(u) = Σf (u, θ̂) +rθµΣ✓rθµ
> ,

rθµ = @µ(u,θ)/@θ|
θ=θ̂

µ̆(u)

µ̆(d)(u) = µ(d)(u, θ̂) +
1
2 tr

�

r2
θµ(d)Σ✓

�

,

Σ̆(u)

Σ̆(u) = diag(q(1), . . . , q(Dy)) + ,



u

f
i
(u
,θ

i
)

f1
f2

E[U(·)]

f1 f2

q(d) = �2
(d)(u, θ̂) +

1
2 tr

⇣

r2
θ�

2
(d)Σ✓

⌘

,

[ ](d1),(d2) = rθµ(d1)Σ✓rθµ
>
(d2)

+ 1
2 tr

�

r2
θµ(d1)Σ✓r2

θµ(d2)Σ✓

�

,

d, d1, d2 = 1, . . . , Dy

•

µ̆ = µ̆(u) Σ̆ = Σ̆(u) u

• f

Σ̆(u)

E[Σf (·)]



Σ
�1
✓ Σ

�1
✓

Σ✓



Analytic

Numerical

GPModel

SparseGPModel

GPGriefModel

RBF

Exponential

Matern32

Matern52

Cosine

RatQuad

diff_evol

least_squares

laplace_approximation

first_order_taylor

second_order_taylor

HR

BH

BF

AW

JR

gaussian_posterior

chi2

akaike

mixing

mixing

fi(u,θi)



Du Dθ,i Dy M fi

bff1983

bffeh1984

bffc1990a

mixing

msm2010

vthr2014linear

vthr2014ode

tandogan2017

Du

D✓,i Dy

M

name fi(u,θi) call

Dx D✓,i dim_x dim_p

Dy num_outputs p_bounds Σy

meas_noise_var binary_variables

Ydata Xdata

θ⇤

diff_evol

least_squares diff_evol least_squares scipy

kx k✓

GP(0, kxk✓)

GPy



N (θ⇤,Σ✓)

Σ✓

HR BH BF

AW JR

⇡i,N �2

dlist Xdata Ydata

measvar X P Y

Xnew

N = Xnew.shape[0] # Number of test points

M = len( dlist ) # Number of rival models

E = Ydata.shape[1] # Number of target dimensions

mu, s2 = np.zeros(( N, M, E )), np.zeros(( N, M, E, E ))

for i,d in enumerate( dlist ):

# Initialise surrogate model

m = GPdoemd.models.GPModel(d)



# Estimate model parameter values

opt_method = GPdoemd.param_estim.least_squares

m.param_estim(Xdata, Ydata, opt_method , m.p_bounds)

# Set�up surrogate model
RBF = GPdoemd.kernels.RBF

Z = np.c_[ X[i], P[i] ]

m.gp_surrogate(Z=Z, Y=Y[i], kern_x=RBF, kern_p=RBF)

m.gp_optimise()

# Approximate model parameter covariance

m.Sigma = GPdoemd.param_covar.laplace_approximation( m, Xdata )

# Approximate marginal predictive distribution at test points

mu[:,i], s2[:,i] = GPdoemd.marginal.taylor_first_order( m, Xnew )

# Design criterion at test points

dc = GPdoemd.design_criteria.JR(mu, s2, measvar)

# Optimal next experiment

xnext = Xnew[ np.argmax(dc) ]

xnext

Xdata Ydata



NH3

H2 N2 Du = 3 D✓,i 2 {2, 4, 6}

Dy = 1 N0 = 5

Du = 2 D✓,i = 4 Dy = 2

N0 = 5

Du = 3 D✓,i = 1 Dy = 1

N0 = 2

Du = 3 D✓,i = 10 Dy = 2

N0 = 20



⇡i,N �2
i !i

DBH DJR U DBF DJR U DAW DJR U

⇡i,N �2
i !i

DBH DJR DBF DJR DAW DJR

⇡i,N �2
i !i

DBH DJR DBF DJR DAW DJR



f1 f2

f1

y1 y2 u1, u2 2 [5, 55]

i ✓i,j 2 [0, 1]

: f1,(1) = ✓1,1u1u2/g1 , f1,(2) = ✓1,2u1u2/g1 ,

: f2,(1) = ✓2,1u1u2/g
2
2 , f2,(2) = ✓2,2u1u2/h

2
2,1 ,

: f3,(1) = ✓3,1u1u2/h
2
3,1 , f3,(2) = ✓3,2u1u2/h

2
3,2 ,

: f4,(1) = ✓4,1u1u2/g4 , f4,(2) = ✓4,2u1u2/h4,1 ,

gi = 1+ ✓i,3u1 + ✓i,4u2 hi,j = 1+ ✓i,2+juj

✓1,1 = ✓1,3 = 0.1 ✓1,2 = ✓1,4 = 0.01

Σy = diag(0.35, 2.3 3) 5

40

⇡i,N !i

�2



⇡i,N �2
i !i ⇡i,N �2

i !i ⇡i,N �2
i !i

DBH DBF DAW DBH DBF DAW DBH DBF DAW

R

0th θu1/u2

f1 = f2 = 1−R f1 = 1−R f1 = 0 R ≥ 1

f1 = f2 = 0 R ≥ 1 f2 = 1−R+R exp(−1/R)

1st θu1 f3 = exp(−R) f3 = 1/(1 +R)

2nd θu1u2 f4 = f5 = 1/(1 +R)
f4 = 1

2R

�

−1 +
√
1 + 4R

�

f5 = 1

R
exp(1/R) Ei(1/R)

Σf

fi

Ei(x) =
R1

�x
t�1 exp(�t)dt

u1 2 [1, 100] u2 2



✓1 ✓2 ✓3 ✓4 ✓5

f3
✓3 f5 ✓5

[0.01, 1] u3 2 {PFR,CSTR}

✓i 2 [1 6, 0.1]

f1 f2 R = 1

f3 f5

�2
y = 2.5 3 f5

f4 f5

f3 f5

f3

f5

⇡i,N !i



⇡i,N �2
i !i

DBH DJR DBF DJR DAW DJR

⇡i,N �2
i !i

DBH DJR DBF DJR DAW DJR

⇡i,N �2
i !i

DBH DJR DBF DJR DAW DJR

f3

f4 f5



⇡i,N �2
i !i

DBH DJR DBF DJR DAW DJR

⇡i,N �2
i !i

DBH DJR DBF DJR DAW DJR

⇡i,N �2
i !i

DBH DJR DBF DJR DAW DJR

f5

j = 1, . . . , 21



` = 1, . . . , 100

âj,`

j `

âj,`

âj,`

âj,`

j

Aj = mean{âj,`}` ,

SEj =
1

p
P

` 1
· std{âj,`}` .

f5

Ci i = 1, . . . , 9



πi,N

DBH DJR

χ
2
i

DBF DJR

ωi

DAW DJR

aj,`

DJR



πi,N

DBH DJR

χ
2
i

DBF DJR

ωi

DAW DJR

aj,`

DJR



πi,N

DBH DJR

χ
2
i

DBF DJR

ωi

DAW DJR

DJR DJR

dC1/dt = ✓i,2C2 � g1 ,

dC2/dt = g1 � ✓i,2C2 ,

dC3/dt = ✓i,4C4 � g2 ,

dC4/dt = g2 � ✓i,4C4 � ✓i,5C4C6 + ✓i,6C7 ,

dC5/dt = ✓i,4C6 � ✓i,10C5 ,

dC6/dt = ✓i,6C7 � ✓i,5C4C6 + ✓i,10C5 � ✓i,4C6 ,



dC7/dt = ✓i,5C4C6 � ✓i,6C7 ,

dC8/dt = ✓i,8C9 � ✓i,7C8 ,

dC9/dt = ✓i,7C8 � ✓i,8C9 ,

g1 g2

g1

i 2 {1, 3, 4} : g1 = ✓i,1C1 ,

: g1 =
✓2,1C1

✓2,9 + C7
.

g2

: g2 =
✓1,3C2C3

✓1,9 + C7
,

: g2 = ✓2,3C2C3 ,

: g2 =
✓3,3C2C3

✓3,9 + C9
,

: g2 =
✓4,3C2C3

✓4,9 + C8
.

C4 C9

C4(t = 0) C9(t = 0)

t

t 2 [0, 20]

C4(t = 0), C9(t = 0) 2 [0, 1]

C1(t = 0) = C3(t = 0) = C5(t = 0) = C8(t = 0) = 1 ,

C2(t = 0) = C6(t = 0) = C7(t = 0) = 0.1 .

θ 2 [0, 1]10



⇡i,N �2
i !i ⇡ �2

i !i

DBH DBF DAW DBH DBF DAW

✓i,9 + C7 g1 g3 C7

✓i,9

⇡i,N

f1 f2

⇡i,N �2

!i

!i f1 f2

f2

f2

f1
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ω3

0 100
0

1

n
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1

f1

f2

f3, f4
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ωi
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0

1
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ω1
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0

1

f2
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ω2
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0
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ω3
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n
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1 f1

f3, f4

n

ωi

!i

f1 f2 f2
f1



DJR

⇡i,N �2
i !i

⇡i,N !i

!i = 0.98

�2

�2 ⇡i,N

!i ⇡i,N !i

�2

�2

⇡i,N !i

�2





y = f(u,θ)+v

u

y

⌧ x(⌧) 2 R
Dx

x(⌧) u(⌧) 2 R
Du

w(⌧) x(⌧)

x(⌧) z(⌧) 2 R
Dz

yt 2 R
Dz z(⌧) ⌧t 2 T



vt

M

M :

8

>

>

>

>

>

<

>

>

>

>

>

:

d

d⌧
x(⌧) = f(x(⌧), u(⌧),θ) + w(⌧) ,

z(⌧) = x(⌧) ,

yt = z(⌧t) + vt , ⌧t 2 T ,

f θ z(⌧)

x(⌧) M1, . . . ,MM

Dx,i x(⌧) Dz

z(⌧) yt

x(⌧)

T = {t∆⌧}Tt=1 xt zt

t ut

M :

8

>

>

>

>

<

>

>

>

>

:

xt = f(xt�1,ut�1,θ) +wt�1 ,

zt = xt ,

yt = zt + vt .

∆

M :

8

>

>

>

>

<

>

>

>

>

:

xt = xt�1 + f(xt�1,ut�1,θ) +wt�1 ,

zt = xt ,

yt = zt + vt ,

t

t� 1 f



x0,u0:T�1,θ 7! z1:T Dx +Du ⇥ T +D✓ Dz ⇥ T
xt,ut,θ 7! xt+1 Dx +Du +D✓ Dx

f

∆

x0:T z1:T u0:T�1

x0

u0:T�1

u(⌧)

Dx + Du ⇥ T + D✓

Dz ⇥ T

f

T

M1 M2 M3

Mi :

8

>

>

>

>

>

<

>

>

>

>

>

:

d

d⌧
x(⌧) = ix(⌧) + iu(⌧) + iw(⌧) ,

z(⌧) = [1, 0, . . . , 0]x(⌧) ,

yt = z(⌧t) + vt ,

i i i

M1 : 1 = �1 , 1 = 1 , 1 = 1 ,
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u(τ)

0 5 10 15 20
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z
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)

0 5 10 15 20
τ

u
(τ
)

0 5 10 15 20
τ

z
(τ
)

0 5 10 15 20
τ

u
(τ
)

M1 M2 M3

⌧

z(⌧)

M2 : 2 =

2

4

0 1

�3 �2.5

3

5 , 2 =

2

4

0

3

3

5 , 2 =

2

4

0

1

3

5 ,

M3 : 3 =

2

6

6

6

4

0 1 0

�3 �3.5 1

0 0 �10

3

7

7

7

5

, 3 =

2

6

6

6

4

0

0

30

3

7

7

7

5

, 3 =

2

6

6

6

4

0

0

1

3

7

7

7

5

.



0 5 10 15 20
τ

z
(τ
)

0 5 10 15 20
τ

u
(τ
)

M1 M2 M3

z(⌧)

x
(i)
0 = [0, . . . , 0]> w(⌧)

vt �2
x = �2

y = 2.5

ut [�1, 1]

M1 M2 M3



T

x(0) = x0

u0:T�1

argmax
T
x02X

u0:T�12U

min
i,j2{1,...,M}

i 6=j

min
θi2Θi

θj2Θj

X

t2Tmeas

KL [p(yt |θi) k p(yt |θj)]

Θi Θj p(yt |θi)

t i θi



x(0) = x0 u(⌧)

z1:T

z1:T

x0

�2

z1:T z1:T

M1

M2

Mi :

8

>

>

>

>

>

<

>

>

>

>

>

:

d

d⌧
x(⌧) = fi(x(⌧), u(⌧),θi) ,

z(⌧) = gi(x(⌧), u(⌧),θi) ,

yt = diag(1+wt)zt

fi gi i 2 {1, 2}

d
d⌧ y(⌧) = f(y(⌧)) +

bu(⌧)



f 3 3 3 3 3

3 3 3

3 3 3 3

3

3 3 3 3 3 3

3 3 3

x0 3 3 3

ut 3

θ 3 3 3 3

x0 3 3 3

u0:T�1 3 3 3 3 3 3

Tmeas 3 3 3

3 3 3 3

f

f

if else



(x0,u0:T�1, T ) z1:T

• fi

•

•

T = {⌧0, . . . , ⌧T }

t = 0, . . . , T t = 0 t = T

t 2 T

T ⌧t = ⌧0 + t∆⌧ ∆⌧ > 0

t ut u(⌧)

u(⌧ 0) ⌘ ut ⌧t  ⌧ 0 < ⌧t+1 yt

⌧t 2 T ✓ T



M M1, . . . ,MM xt 2 R
Dx,i

ut 2 R
Du t θi 2 R

Dθ,i

Mi

Mi :

8

>

>

>

>

>

<

>

>

>

>

>

:

x
(i)
t+1 = �i

h

x
(i)
t�1, ut�1, θi

�

�

�
fi

i

+w
(i)
t ,

z
(i)
t = ix

(i)
t ,

y
(i)
t = z

(i)
t + v

(i)
t ,

i Dx,i

Mi Dz,i = Dz

�i

�i

h

x
(i)
t�1, ut�1, θi

�

�

� fi

i

= x
(i)
t�1 +

Z ⌧t

⌧t�1

fi(x
(i)(⌧), ut�1, θi)d⌧ ,

�i

h

x
(i)
t�1, ut�1, θi

�

�

� fi

i

= fi(x
(i)
t�1, ut�1, θi) ,

�i

h

x
(i)
t�1, ut�1, θi

�

�

� fi

i

= x
(i)
t�1 + fi(x

(i)
t�1, ut�1, θi) ,

∆

w
(i)
t v

(i)
t ⇠

N (0,Σy)

w
(i)
t Σx,i Mi (⌧t+1�⌧t)Σx,i

Mi Σy

Σy = Σ
(i)
y Mi



ut ⇠ N (ût,Σu,t) t

ût Σu,t

Σu,t = Σ
(i)
u,t

ut

Σu,t = Σu

û0:T�1 = {û0, . . . , ûT�1}

x
(i)
0 ⇠ N (µ

(i)
0 (x̂0),Σ

(i)
0 )

x̂0 2 R
Dx

x̂0

h
(i)
x̂,x : R

Dx ! R
Dx,i

x̂0 x̂0

θi ⇠ N (θ̂i,Σ✓,i)

θ̂i Σ✓,i

x̂0 û0:T�1

Mi



T

argmax
x̂0, û0:T�1

T

X

t2T

D⇤⇤

⇣

y
(1)
t , . . . ,y

(M)
t

⌘

s.t. 8t 2 {1, . . . , T} , 8i 2 {1, . . . ,M} :

Mi :

8

>

>

>

>

>

<

>

>

>

>

>

:

x
(i)
t = �i

h

x
(i)
t�1, ut�1, θi

�

�

� fi

i

+w
(i)
t�1 ,

z
(i)
t = ix

(i)
t ,

y
(i)
t = z

(i)
t + vt ,

Cx0

�

x̂0

�

� 0 ,

Cu

�

ût

�

� 0 ,

�

�

�

�

�

�

�

Cx

�

x
(i)
t

�

� 0 ,

Cz

�

z
(i)
t

�

� 0 ,

�

�

�

�

�

�

�

CT

�

T
�

� 0 ,

D⇤⇤

Cx0
Cu Cx Cz CT

�i

M = Mi � = �i

xt ⇠ N (µt,Σt)

zt ⇠ N ( µt, Σt
>) ,

yt ⇠ N ( µt, Σt
> +Σy) .

xt

f f

f



f

f(d) ⇠ GP(m(d)(·), kx,(d)(·, ·)ku,(d)(·, ·)k✓,(d)(·, ·))

d = 1, . . . , Dx f f(x̃t) f

x̃t = [x>t ,u
>
t ,θ

>]>

x̃t 2 R
Dx+Du+Dθ µf (x̃t) = Ef [f(x̃t)] Σf (x̃t) = Vf [f(x̃t)]

f(x̃t) ⇠ N (µf (x̃t),Σf (x̃t)) ⌘

8

>

<

>

:

N (f(x̃t),0) , f

N (µ(x̃t),Σ(x̃t)) , f

µ(·) Σ(·)

x0 ⇠ N (µ0,Σ0) ut ⇠
N (ût,Σu) t = 0, . . . , T � 1 θ ⇠ N (θ̂,Σ✓)

xt ⇠ N (µt,Σt) 1  t  T

µt = Ef,x0,u0:t�1,θ,w0:t�1
[xt] ,

Σt = Vf,x0,u0:t�1,θ,w0:t�1
[xt] .

Σu Σ✓

Σx xt ût

µt Σt �

∆



x̃t ⇠ N (µ̃t, Σ̃t)

µ̃t =

2

6

6

6

4

µt

ût

θ̂

3

7

7

7

5

, Σ̃t =

2

6

6

6

4

Σt 0 cov(xt, θ)

0 Σu 0

cov(xt, θ)
>

0 Σ✓

3

7

7

7

5

,

cov(x0,θ) ⌘ 0 cov(xt, ut) ⌘ 0 ut 6= ut�1

rξg g 2 {f, µf ,Σf , . . . } g(ξ)

ξ E[ξ]

M : xt+1 = f(xt,ut, θ) +wt ,

wt ⇠ N (0,Σx) µf (x̃)

x̃t�1 = µ̃t�1 t � 1

µt ⇡ µf (µ̃t�1) ,

Σt ⇡ rx̃t�1
µtΣ̃t�1

�

rx̃t�1
µt

�>
+Σx + Σf (µ̃t) ,

cov(xt,θ) ⇡ rθµt cov(xt�1,θ)
> +rθµtΣ✓ .

rx̃t�1
µt 2 R

Dx⇥(Dx+Du+Dθ) µt Σt µt�1

Σt�1 ût�1

f



∆

∆

M : xt+1 = xt + f(xt,ut,θ) +wt ,

wt ⇠ N (0,Σx) µf (x̃)

x̃t�1 = µ̃t�1 t � 1

µt ⇡ µt�1 + µf (µ̃t�1) ,

Σt ⇡ rx̃t�1
µtΣ̃t�1

�

rx̃t�1
µt

�>
+Σx + Σf (µ̃t) ,

cov(xt,θ) ⇡ cov(xt�1,θ) +rθµt cov(xt�1,θ)
> +rθµtΣ✓ .

rxt�1
µt = + rxt�1

µf ∆ rx̃t�1
µt 2

R
Dx⇥(Dx+Du+Dθ) µt Σt µt�1 Σt�1 ût�1

f

m(d)(·) ⌘ 0

∆

M :

8

>

<

>

:

d

d⌧
x(⌧) = fi(x(⌧), u(⌧),θ) + w(⌧) ,

x(⌧0) ⌘ x0 ,



w(⌧) ⇠ N (0,Σx) u(⌧t)

⌧ M

t xt = x(⌧t) ⌧t

x̃(⌧)

x̃(⌧) = [x(⌧)>, u(⌧)>,θ>]> x̃(⌧) ⇠ N (µ̃(⌧), Σ̃(⌧))

µ̃f

µ̃f (⌧) =
⇥

µf (µ̃(⌧))
>, 0, 0

⇤>
, µ̃f (⌧) 2 R

Dx+Du+Dθ .

xt ⇠ N (µt,Σt) t

µ̃(⌧t) Σ̃(⌧)

8

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

:

d

d⌧
µ̃(⌧) = µ̃f (⌧) ,

d

d⌧
Σ̃(⌧) = rµ̃(⌧)µ̃f Σ̃(⌧) + Σ̃(⌧)

�

rµ̃(⌧)µ̃f

�>
+ diag(Σf (µ̃(⌧)) +Σx, 0, 0) ,

µ̃(⌧t�1) ⌘ µ̃t�1 ,

Σ̃(⌧t�1) ⌘ Σ̃t�1 .

µt+1 Σt+1 µt Σt ût

f

f f

f

f rf ⇡ rµ

f

f µf (·) = f(·)

rµf (·) = rf(·) f



µf (·) = f(·) ,

Σf (·) = 0 ,

rµf (·) = rf(·)

µf (·) = µ(·) ,

Σf (·) = Σ(·) ,

rµf (·) = rµ(·)

µf (·) = f(·) ,

Σf (·) = 0 ,

rµf (·) ⇡ rµ(·)

f
f

f µf (·)
rµf (·)

µf (·) = µ(·) rµf (·) = rµ(·)

f(·) ⇡ µ(·)

f

Ef,xt,ut,θ[f(xt,ut,θ)] ⇡ f(µt, ût, θ̂) ,

Ef,xt,ut,θ[rf(xt,ut,θ)] ⇡ rµ(µt, ût, θ̂) ,

f

f

f

f

f

Σf (·) ⌘ 0



f(·)

µ(·)

µ(·) f
f(·) ⇡ µ(·) rf(·) ⇡ rµ(·)

rf rµ

f

rµf

rµf (·) ⇡ rµ(·)

µ(·) rµ(·)

f

f



µt0|t Σt0|t

t0 y1:t = {y1, . . . ,yt}

xt ⇠ N (µt|t,Σt|t) t xt+1 |µt|t,Σt|t ⇠ N (µt+1|t,Σt+1|t)

t+ 1

zt = xt

xt+1 |y1:t+1 ⇠ N (µt+1|t+1,Σt+1|t+1) t + 1

µt+1|t+1 = µt+1|t +Σt+1|t
>( Σt+1|t

> +Σy)
�1(yt+1 � µt+1|t) ,

Σt+1|t+1 = Σt+1|t �Σt+1|t
>( Σt+1|t

> +Σy)
�1

Σt+1|t .

p(xt |y1:t)

x̂0 û0:T�1 x1:T

z1:T T

x1:T f



x̂0 û1:T T

x1:T

z1:T

ξ � ξ � 0 ,

ξ 2 {x̂0, ût,xt, zt, ⌧t} ξ 2 R
Dξ 2

R
DC⇥Dξ ξ 2 R

DC

x̂0 û0:T�1

T ξ 2 {x̂0, ût, ⌧t}

ût

d =



1, . . . , Du ∆u,(d)

�

�ût+1,(d) � ût,(d)

�

�  ∆u,(d) .

ût+1,(d) � ût,(d) +∆u,(d) � 0 ^ ût,(d) � ût+1,(d) +∆u,(d) � 0 ,

⌧t ⌧t0 ∆⌧ � 0

|⌧t � ⌧t0 | � ∆⌧ , 8⌧t, ⌧t0 2 T .

8⌧t, ⌧t0 2 T :

8

>

<

>

:

⌧t � ⌧t0 �∆⌧ � 0 , t � t0 ,

⌧t0 � ⌧t �∆⌧ � 0 , t < t0 .

x1:T z1:T

x̂0 û0:T�1

x1:T z1:T

M xt ⇠ N (µt,Σt)

zt ⇠ N (µz,Σz) t µz = µt Σz = Σt
>

ξt ⇠ N (µ⇠,Σ⇠) 2 {xt, zt}



tξt � ξt � 0 .

Ξt Ξt ⇢ R
Dξ t

Ξt =
�

ξ
�

�

tξ � ξt � 0
 

,

t

ξt 2 Ξt ξt

ξt 2 Ξt

P (ξt 2 Ξt) � 1� � ,

� 2 (0, 1)

ξt

µ⇠ 2 Ξt



ξ
1 ξ1

ξ
2

ξ2

µξ

ξt,(1)

ξt,(2)

(a) Mean constraint

ξ
1 ξ1

ξ
2

ξ2

ξt,(1)

ξt,(2)

(b) Cone constraint

µ⇠

±

t =

2

6

6

6

6

6

6

4

1 0

�1 0

0 1

0 �1

3

7

7

7

7

7

7

5

, ξt =

2

6

6

6

6

6

6

4

⇠
1

�⇠1

⇠
2

�⇠2

3

7

7

7

7

7

7

5

.

ξt

P (ξt 2 Ξt) �
�

1
2

�Dξ , 8 t 2 T .

ξt 2 Ξt

t



c>t,(j)ξt � ⇠t,(j) � 0 ,

t = [ct,(1), . . . , ct,(DC)]
> ξt = [⇠t,(1), . . . , ⇠t,(DC)]

>

P (c>t,(j)ξt � ⇠t,(j) � 0) � 1� �

2

4

c>t,(j)

c>t,(j)

3

5µ⇠ + ↵
q

c>t,(j)Σ⇠ct,(j)

2

4

1

�1

3

5�

2

4

⇠t,(j)

⇠t,(j)

3

5 � 0 ,

↵ =
p
2 erf�1(1� �) erf�1(·)

Σ⇠

Ξ̂t ⇢ Ξt

µt

= {x1, . . . ,xN}

û1:T µt

µt 2 X

U

θ̂

f ✓



Σ✓ zt zt 2 Z 8t 2 T

X ⇤

X ⇤ =
n

x

�

�

� 9u 2 U : x 2 Z () �[x,u, θ̂ | f ] 2 Z
o

,

x zt = xt

zt 2 Z u

xt+1 = �[x,u, θ̂ | f ] zt+1 zt+1 2 Z

X ⇤ f�1 X ⇤

f X ⇡ X ⇤

X =
n

x

�

�

� 8 d 2 {1, . . . , Dx} : x(d)  x(d)  x(d)

o

.

X

X

θ̂ �2
⌘,(d)

d = 1, . . . , Dx

X X µt 2
X̃d d f d = 1, . . . , Dx

X̃d =
n

x

�

�

� 8 d 2 {1, . . . , Dx} : x(d ) � �d ,d  x(d )  x(d ) + �d ,d

o

,

�d ,d = |x(d ) � x(d )|/�(d ),(d ) �(d ),(d ) d

d

kx,(d) X ⇢ X̃d 8d 2 {1, . . . , Dx}



x̂
⇤
0 û

⇤
0:T�1

T

= {yt}t2T

ξt|t0 ξ

t t0 M1, . . . ,MM

{y
(i)
t|0} t 2 T

y
(i)
t|0 ⇠ p

⇣

y
(i)
t|0

�

�

� x̂
⇤
0, û

⇤
0:t�1

⌘

⇡ N
⇣

iµ
(i)
t|0, iΣ

(i)
t|0

>
i +Σy

⌘

.

M1, . . . ,MM {y
(i)
t|t} t 2 T

y
(i)
t|t ⇠ p

⇣

y
(i)
t|t

�

�

� x̂
⇤
0, û

⇤
0:t�1,y1, . . . ,yt

⌘

⇡ N
⇣

iµ
(i)
t|t , iΣ

(i)
t|t

>
i +Σy

⌘

,

µ
(i)
t|t Σ

(i)
t|t

(i)
t|t0(

(i)
t|t0)

> = iΣ
(i)
t|t0

>
i +Σy ,

δ
(i)
t|t0 =

⇣

(i)
t|t0

⌘�1 ⇣

yt � iµ
(i)
t|t0

⌘

,

(i)
t|t0 y

(i)
t|t0 δ

(i)
t|t0

yt iµ
(i)
t|t0 t0 2 {0, t}

t 2 T δ
(i)
t|t0 δ

(i)
t|t0 ⇠ N (0, )

Mi



yt Mi

logN
⇣

yt

�

�

� iµ
(i)
t|t0 , iΣ

(i)
t|t0

>
i +Σy

⌘

= � log
�

�

�

(i)
t|t0

�

�

�� 1

2

⇣

δ
(i)
t|t0

⌘>

δ
(i)
t|t0 + .

�2

�2

(δ
(i)
t|t0)

>δ
(i)
t|t0 �2

�2 �2
P

t2T (δ
(i)
t|t0)

>δ
(i)
t|t0

|T | ⇥Dy �D✓,i

�2 1 �2

�2

�2 �
(i)
t|0

�
(i)
t|t

�
(i)
t|0

�
(i)
t|t

M1

M2 M2



�2

�
(i)
t|0

f

•

•

•

Dx = 2 Du = 2

Dz = Dy = 2 i = = D✓,i 2 {3, 4}



Mi

M1

M1 :

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

dx1

d⌧
= (r � u1 � ✓4)x1 ,

dx2

d⌧
= �rx1

✓3
+ u1(u2 � x2) ,

r =
✓1x2

✓2 + x2
.

M2

M2 :

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

dx1

d⌧
= (r � u1 � ✓4)x1 ,

dx2

d⌧
= �rx1

✓3
+ u1(u2 � x2) ,

r =
✓1x2

✓2x1 + x2
.

M3

M3 :

8

>

>

>

>

>

<

>

>

>

>

>

:

dx1

d⌧
= (r � u1 � ✓3)x1 ,

dx2

d⌧
= �rx1

✓2
+ u1(u2 � x2) ,

r = ✓1x2 .

M4

M4 :

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

dx1

d⌧
= (r � u1)x1 ,

dx2

d⌧
= �rx1

✓3
+ u1(u2 � x2) ,

r =
✓1x2

✓2 + x2
.

u1 2 [0.05 h�1, 0.2 h�1]

u2 2 [5 g/L, 35 g/L]

M1 û0:T�1



5
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τ

z
t
,1

M1 M2

M3 M4

0
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10

τ

z
t
,2

û0:T�1

0

5

10

15

τ

z
(1

)

0

10

20

τ

z
(2

)

M1 M2

M3 M4

⇤

⌧t = t⇥0.75 h

u1(⌧) = 0.2 h�1 ,

u2(⌧) =

8

>

<

>

:

5 g/L 33 h  ⌧  51 h

35 g/L .

⇤ û0:T�1

θi



θ1 =
h

0.30, 0.25, 0.56, 0.02
i

,

θ2 =
h

0.30, 0.03, 0.55, 0.03
i

,

θ3 =
h

0.12, 0.56, 0.03
i

,

θ4 =
h

0.30, 0.30, 0.55
i

,

⇤

⇤

Σy

Σy =

2

4

0.06 �0.01

�0.01 0.04

3

5 .

M1 M2

M1 θ = [0.25, 0.25, 0.88, 0.09]

DHR

DCA(û0:T�1) =

T
X

t=1

(z1,t � z2,t)
>
Σ

�1
y (z1,t � z2,t) .

T

⇤ DCA(
⇤ ) = 2601

⇤ DCA(
⇤ ) = 2805

⇤ ⇤

Σx ⌘ 0.01 ·
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⇤

DCA(
⇤ ) = 244 ⇤

DCA(
⇤ ) = 263 ⇤ 6= ⇤

M = 4 Mi

θ = [0.25, 0.25, 0.88, 0.09] Σy

Σx ⌘ 0

✓i,d = 0.5

Σ✓,i = 0.05 · Mi d 2 {1, . . . , D✓,i}

x1 = 1 x2 = 0.01

Σ0 = diag(10�3, 10�6)

Σu = diag(10�6, 10�3)

yt

ût u1 2 [0.05 h�1, 0.2 h�1] u2 2 [5 g/L, 35 g/L]

↵ = 2



zt,2
�2

z̄2

zt,(2)  z̄2 t = {1, . . . , T}

z̄2 2 {7, 10, 15}

y1:T

�2 �2

1

M1



y1:T

x0 ⇠ N (x̂0,Σx,0) ut ⇠ N (ût,Σu)

v ⇠ N (0,Σy)

û
⇤
0:T�1

û
⇤
0:T�1

û
⇤
0:T�1

û
⇤
0:T�1

M0 M1

û
⇤
0:T�1 Nu = 100

u0:T�1,n n = 1, . . . , N ut,n ⇠ N (û⇤
t ,Σu)

x0,n ⇠ N ([1, 0.01]>,Σ0)

M0

z1:T,n = {z1:T,1, . . . , z1:T,Nu
}

û
⇤
0:T�1

zt,(2)  z̄2

t

= {z1:T | z1:T 2 ^ 9t : zt,(2) > z̄2} .

V (·)



V
�

û
⇤
0:T�1

�

=
| |

Nu
.

V (·)

z̄2 2 {7, 10, 15}

û
⇤
0:T�1

z̄2 = 15

•

•

•

✓i,d = 0.5 i = 1, . . . ,M d = 1, . . . , D✓,i
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