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Agent:

𝒖" = 𝜋(𝒙"; 𝜃)

𝒖"

𝒙"*+
𝑐"

World

World & Robot

Task Description:
Cook dinner for me
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�̇�" = 𝑓(𝒙", 𝒖")
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Reinforcement Learning
+ Domain Knowledge 
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Reinforcement Learning



…. and many ‘classical’ robot learning has been doing this years
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Engineered 
Representations 

Tabletennis
(Mülling; Kober; Krömer; Lampert; Schölkopf; Peters; 2013)

Ball Catching 
(Patzwahl*; Lutter; Peters; 2020)

Ball Catching 
(Plöger*; Lutter*; Peters; 2020)
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From single movements to complex behaviors
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Paddle Juggling (Aboaf et. al., 1988,)
Ball in a Cup  (Kober & Peters, 2009)
Pancake Flipping (Kormushev et. al., 2010)
Tabletennis (Muelling et. al., 2013)
Toss Juggling (Ploeger et. al., 2020)

?Use task specific knowledge to structure 
representations & optimization 

Low HighTask Complexity



Overview

8Michael Lutter | Inductive Biases for Robot Control| University College London

§ Introduction

§ Differential Equations as Prior for Deep Networks

§ Robotics Control Applications:

§ Deep Lagrangian Networks – Learning physically plausible Models

§ HJB Feedback Control – Exploiting the HJB Equation for Optimal Feedback Control

§ Conclusion
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§ Meaningful representations suitable for the physical system 

§ Interpretability enabling connecting theory to learning

§ Sample Efficiency enabling learning on single instances 

𝑑
𝑑𝑡
𝜕𝐿
𝜕�̇� −

𝜕𝐿
𝜕𝒒 = 𝝉 𝑭 = 𝑚 �̈�

𝑑𝒑
𝑑𝑡
= −

𝜕𝐻
𝜕𝒒

𝑑𝒒
𝑑𝑡 = + 𝜕𝐻

𝜕𝒑

𝜌𝑉∗ = 𝑞 + 𝒂-𝑉𝒙∗ − G𝑔 −𝑩-𝑉𝒙∗

Deep Neural Network First-Order Differential Equation



First-Order Non-Linear Differential Equations with Deep Networks
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𝐱

W0 b0

a0
𝑓(𝒙)

𝜕𝑓(𝒙)
𝜕𝒙

𝒉K

𝜕𝒉K
𝜕𝒙

W2 b2

a2
𝒉L

𝜕𝒉L
𝜕𝒉+…

Deep Differential Network

𝐹 𝒙, 𝑓 𝒙 ,
𝜕𝑓(𝒙)
𝜕𝒙

= 0

First-Order Differential Equation

𝜃∗ = argmin
V

W
XYK

Z

𝐹 𝒙X, 𝑓 𝒙X; 𝜃 ,
𝜕𝑓 𝒙X; 𝜃

𝜕𝒙

𝟐

𝒙X ∈ Ω ⊆ ℝ`with
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§ Introduction

§ Deep Learning and Differential Equations

§ Robotics Control Applications:

§ Deep Lagrangian Networks – Learning physically plausible Models

§ HJB Feedback Control – Exploiting the HJB Equation for Optimal Feedback Control

§ Conclusion



Deep Lagrangian Networks (DeLaN)
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Physical plausibility, i.e., every possible parameter 
configuration is a mechanical system.  

Interpretability, i.e., the learned force decomposition
resembles inertial, centrifugal, Coriolis & gravitational
forces

Unsupervised Learning, i.e., the learned system
energies are not directly observable and can only be
learned unsupervised

Multiple Models, i.e., the learned representation can
be used as forward, inverse & energy model

𝑑
𝑑𝑡
𝜕𝐿
𝜕�̇�

−
𝜕𝐿
𝜕𝒒

= 𝝉

𝑉

Potential Energy

𝑯 �̇�-𝑯�̇� 𝑇

Kinetic Energy

𝐿 = −



DeLaN: Model Representation
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Model Representation Physics Prior

�̈�"

𝑯 �̇�-𝑯�̇� 𝑇

𝑉

𝝉"

𝐸"

𝑓( . )

𝑓e+( . )

𝐸( . )

𝒒𝒕

𝑓 . = 𝑯e+ 𝝉 − �̇��̇� +
1
2

𝜕
𝜕𝒒

�̇�-𝑯�̇� −
𝜕𝑉
𝜕𝒒

𝑓e+ . = 𝑯�̈� + �̇��̇� −
1
2

𝜕
𝜕𝒒

�̇�-𝑯�̇� +
𝜕𝑉
𝜕𝒒

𝐸 . = 𝑇 + 𝑉

with 𝑯 being p.d.

Lagrangian Mechanics Conservation of Energy

𝝉"

𝒙.,"

𝒙"

𝑓e+( . )

PD +

𝑓( . ) ∫𝑓( . ) ∫𝒙" 𝑓( . ) ∫
𝒙"*j

𝝉"

𝐸.
𝒙" 𝐸(. ) 𝑘l 𝐸" − 𝐸.
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Parameter Optimization

ℓnl =
𝑑
𝑑𝑡
𝑬(. ; 𝜃, 𝜓) − �̇�𝑻𝝉

ℓrs = t𝑓e+(. ; 𝜃, 𝜓) − 𝝉

ℓus = t𝑓(. ; 𝜃, 𝜓) − �̈�

ℓ
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DeLaN: Learned Decomposition
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DeLaN: Learned Energy Control
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Analytic Model System IdentificationDeLaN
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Analytic Model System IdentificationDeLaN



DeLaN: Online Learned Tracking Control
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1.5x 2x1x

TestingTraining



DeLaN: Online Learned Tracking Control
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§ Introduction

§ Deep Learning and Differential Equations

§ Robotics Control Applications:

§ Deep Lagrangian Networks – Learning physically plausible Models

§ HJB Feedback Control – Exploiting the HJB Equation for Optimal Feedback Control

§ Conclusion



HJB-Feedback Control: Problem Statement

25Michael Lutter | Inductive Biases for Robot Control| University College London

𝑉

Value Function

𝑉∗ =

𝜌𝑉∗ = 𝑞 + 𝒂-𝑉𝒙∗ − G𝑔 −𝑩-𝑉𝒙∗

𝜋∗ = ∇ G𝑔 −𝑩-𝑉𝒙∗

Optimal Feedback Control, i.e., optimal policy that 
does not require replanning or sampling of actions.  

Action Constraints, i.e., principled cost functions that
shape the optimal policy to be action limited

Interpretability, i.e., capable of linking the concepts
of stability and robustness to the learned solution

Assumptions:
§ mechanical System with holonomic constraints
§ separable cost function, i.e., 𝑐 = 𝑞 𝒙 + 𝑔(𝒖)
§ strictly convex action cost 𝑔(𝒖)

G𝑔 is the convex conjugate of 𝑔(𝒖)



HJB-Feedback Control: Principled Cost for Action Constraints
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𝑔(𝒙)
Action Cost:

°um 0.0 +um

atan −𝑩-𝑉𝒙∗

−𝟏-log cos 𝒖

°um

0.0

+um

°um 0.0 +um

tanh(−𝑩-𝑉𝒙∗)

𝒖*𝟏
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𝑻
log 𝒖*𝟏

𝟐
+ 𝟏e𝒖

𝟐

𝑻
log

𝟏e𝒖

𝟐
− log

𝟏

𝟐

°um

0.0

+um

∇ G𝑔 −𝑩-𝑉𝒙∗
Optimal Policy:

°um 0.0 +um

−𝑹e+𝑩-𝑉𝒙∗

𝒖𝑻𝑹𝒖

°um

0.0

+um



HJB-Feedback Control: Curriculum Learning
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Optimal µ w.r.t. Discounting Factor Ω

µ = (1/2 ° 1/4Ω) °
p

1/4 + (1/2 ° 1/4Ω)2

µ = (1/2 ° 1/4Ω) +
p

1/4 + (1/2 ° 1/4Ω)2

𝒂 + 𝑩𝒖∗ - 𝜼 �𝒙 ≤ 0 �𝒙 ∈ 𝜕Ωfor

𝒂 + 𝑩∇ G𝑔 −𝑩-𝑉𝒙∗
- 𝜼 �𝒙 ≤ 0

The solution to the optimization problem is only unique
and stable if the boundary condition 

is fulfilled. Therefore, the naïve optimization does not
necessarily learn the optimal and stable 𝑉∗.

=> How can one ensure coherent solutions given local
boundary constraints and local function approximators?



HJB-Feedback Control: 1d Integrator
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HJB-Feedback Control: Torque Limited Pendulum
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HJB-Feedback Control: Torque Limited Pendulum
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HJB Control Trajectories
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(f)

Multiple Shooting Trajectories
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(g)

LQR Trajectories
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HJB Control Trajectories
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(c)

LQR Optimal Trajectories
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§ Differential Equations as Model Prior for Deep Networks:
(1) Using differential equations as model prior enables learning of meaningful & interpretable representations
(2) Combining differential equations and deep networks is natural as these networks are fully differentiable 

§ Deep Lagrangian Networks:
(1) Introduced physics prior to deep learning to enable unsupervised learning of the underlying structure.
(2) Demonstrated that these deep networks models can be used for real-time energy control with up to 500Hz.

§ HJB-Feedback Control:
(1) Derived principled action cost from the Hamilton-Jacobi-Bellman differential equation. 

(2) Demonstrated that solving the HJB with a differential network obtains an optimal feedback policy
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